We investigate the two dimensional lattice Gross-Neveu model in large flavor number limit using the domain-wall fermion formulation, as a toy model of lattice QCD. We study nonperturbative behavior of the restoration of chiral symmetry of the domain-wall fermions as the extent of the extra dimension (N s ) is increased to infinity. We find the the parity broken phase (Aoki phase) for finite N s , and study the phase diagram, which is related to the mechanism of the chiral restoration in N s → ∞ limit. The continuum limit is taken and O(a) scaling violation of observables vanishes in N s → ∞ limit. We also examine the systematic dependencies of observables to the parameters.
I. INTRODUCTION
Chiral symmetry is one of the important properties to understand the hadron physics and the phase transition in the thermodynamics of field theories. Pions are regarded as the pseudo Nambu-Goldstone bosons associated with the spontaneous breakdown of chiral symmetry. Physics of the phase transition between the confining phase (Hadron phase) and the deconfining phase (Quark-Gluon Plasma phase) in QCD is interested from the theoretical and experimental point of view. The lattice field theory is one of the most powerful tool for such important physics beyond perturbations.
However there is a problem to define chiral symmetry on a lattice. The definition of chiral symmetry on the lattice is one of long-standing problems of the lattice field theory.
This problem is called as "no-go theorem" [1, 2] : the unwanted species of fermions appear in chiral symmetric theory on the lattice. To avoid this, chiral symmetry has to be broken by adding the Wilson term to the Lagrangian [3, 4] . This formulation is known as Wilson fermion (WF). In order to obtain the chiral symmetric theory in the continuum limit, one has to fine tune the quark mass parameter to cancel the additive quantum correction, which is a non trivial task in numerical simulations. Besides this fine tuning difficulty, the physical prediction from WF has O(a) scaling violation due to the absence of chiral symmetry, where a is the lattice spacing. One must calculate on a fine lattice to get precise predictions in WF.
Few years ago, the domain-wall fermion (DWF) is proposed [5, 6] as the new formulation of lattice fermion. DWF is formulated as D + 1 dimensional Wilson fermion with the free boundary condition in the extra dimension [6] . When the extra dimension becomes infinite, DWF has a massless fermion with chiral symmetry. Because of this property, the current quark mass term in DWF receives multiplicative renormalization in contrast with WF, and this fermion formulation does not need the fine tuning in order to restore chiral symmetry on the lattice [7, 8] . The O(a) scaling violation is expected to vanish in large N s limit, which means smaller scaling violations than in WF. Thus DWF has desirable property for defining the lattice fermion especially for chiral symmetric or near massless cases.
The numerical simulations of the domain-wall QCD (DWQCD) have been already carried out [9, 10] . As a trade off of the above ideal properties, one needs a large amounts of CPU time for computer simulations of DWQCD. Furthermore the new model has larger number of parameters than that of WF, and results of simulations have complicated dependencies to parameters.
To clarify the nonperturbative properties of DWF, we examine the formalism for the solvable theory, Gross-Neveu model (GN model) in two dimensions, which shares common natures with QCD. Our main purpose in this paper is to understand the restoration of chiral symmetry. For finite N s , for which the lattice simulations are performed, we will see that chiral symmetry is broken, and the model can be seen as "improved Wilson fermion".
DWF for finite N s has the parity broken phase similar to WF [11] [12] [13] . We also study the continuum limit of DWF model. We will see the O(a) becomes small as N s is increased and vanishes in the limit N s → ∞.
This paper is organized as follows: In Sec.II, after a brief review of the GN model in the continuum, the lattice GN model with DWF is formulated and the effective potentials in large flavor (N) limit are calculate when the extent of extra dimension (N s ) is both infinite and finite. In Sec.III we calculate the continuum limit in infinite and finite N s case and discuss the restoration of chiral symmetry. We will see that the model has chiral symmetry on the lattice for infinite N s , while the symmetry is restored only in the continuum limit with fine tuning for finite N s . In Sec.IV we analyze the structure of the chiral phase boundary between the parity symmetric and the parity broken phase (Aoki phase) for the finite lattice spacing by solving the gap equation and discuss the necessity of fine tuning to restore the chiral symmetry. In Sec.V we study the parameter dependences of the lattice observables and in Sec.VI we discuss the way of taking the continuum limit. We will see that the correct continuum limit are taken from the lattice model and O(a) scaling violation vanishes for N s → ∞ limit. We conclude with a summary in Sec. VII.
II. ACTION AND THE EFFECTIVE POTENTIAL

A. Continuum Gross-Neveu model
The investigation of the GN model is a good test [11, [14] [15] [16] [17] for the nonperturbative behavior of QCD since the two theories share common properties: the feature of asymptotic freedom, chiral symmetry and its spontaneous breakdown.
The two dimensional continuum Gross-Neveu model in Euclidean space is defined by the
where ψ is an N-component fermion field. The effective potential in large N limit in the continuum theory is given as
where m is the renormalized mass and Λ is the scale parameter. If the momentum integration is regularized by a cutoff, M, the renormalization for bare mass m 0 and the bare coupling
where the latter shows the asymptotically free. (We set the renormalized coupling constant to unity)
The auxiliary field σ and Π relate to the fermion condensations by equation of motion
When m 0 vanishes the model shows chiral symmetry, which is expressed by the O(2) rotational invariance of effective action (2) flavor WF with a flavor mixing, which has negative Wilson term obeying the free boundary condition on the edges in the extra dimension [6] .
The action of DWF is given as follows:
where
P R/L = (1 ± γ 5 )/2 are the projection operators into the right-and the left-handed mode, a and a s are the lattice spacing in two dimensions and the third dimensions respectively. σ µ 's are defined as σ 1 = i and σ 2 = 1 in two dimensions, s and t are the indecies of extra dimension with 1 ≤ s, t ≤ N s . Here, r(> 0) is Wilson coupling constant and M is the domain-wall mass height (DW-mass). The boundary condition in the third direction takes the free boundary condition. In the followings, we take a = a s and r = 1 for simplicity.
If one sets 0 < M < 2, there is single light Dirac fermion in the spectrum of this free action whose right(left)-handed components stays near s = 1(N s ),
The mass of this light quark, q(n), is exponentially suppressed for large N s ,
Wilson term in the action avoids the species doubling problem. The doublers and other N s − 1 bulk fermions acquire the cut-off order mass and decouple from low energy physics.
As a toy model of the lattice DWQCD, we define the two dimensional lattice GN model with N flavors:
where we abbreviate ψ(n, s)ψ(n, t) = N i=1 ψ i (n, s)ψ i (n, t). m f is the "current quark mass" in order to give the mass to the fermion 1 . In perturbation of DWQCD, m f receives the multiplicative renormalization in N s → ∞ case [7, 8] . DW-mass M, on the other hand, receives the additive renormalization [7, 8] , because M corresponds to Wilson mass term.
We will see that two different couplings, g The action (12) can be rewritten into the following equivalent action using the auxiliary fields σ(n) and Π(n):
The auxiliary fields are related to condensations of fermion;
from the equations of motion.
C. the effective potential
We calculate the effective potential of the two dimensional lattice GN model in large N limit. In large N limit, in which the quantum fluctuation of σ(n) and Π(n) is suppressed and the mean field approximation, σ(n) → σ and Π(n) → Π, becomes exact. the effective potential of GN model is obtained by exponentiating the fermion determinant which is calculated by the integration of the fermion fields ψ:
This determinant can be calculated by employing the technique of the propagator matrix [19, 20] . The action introduced in the previous subsection is rewritten by the matrix representation, in the momentum space. From (13),
After some calculations similar to Ref. [19, 20] , we have
where T is the transfer matrix along the extra dimension defined by
H s is the Hamiltonian along to the extra dimension. The overall factor in Eq. (17) is omitted. Diagonalized T −1 , whose eigenvalues are λ and 1/λ, we obtain a explicit formula for the determinant,
Substituting (19) into (15), we obtain the effective potential of the two dimensional lattice GN model in the large N limit:
This effective potential is symmetric under M → 6 − M.
Here we comment about the absence of the bosonic fields (Pauli-Villars fields) in our model which is employed in (full) QCD [7, 9, 10] . Since the gauge field in QCD equally interacts with not only light quark field, q(n), but also heavy (bulk) fermions ψ(n, s), one should introduce the Pauli-Villars boson to subtract this heavy fermion effects. In GN model σ and Π play analogous role to the gauge field in full QCD except that they couples with q(n) only. Thus it is not necessary to introduce the subtraction in our model. One the other hand one could think about a new four Fermi interaction model, in which whole ψ(n, s), s = 1, · · · , N s equally couple to auxiliary fields, σ and Π. However these fields are constituted from both light and heavy fermions and don't show the chiral property in such a new model.
III. CHIRAL SYMMETRY RESTORATION
First we show how chiral symmetry restores in this model in the case of both N s = ∞ and N s < ∞ by examining the effective potential given in previous section.
We will see that for infinite N s case chiral symmetry is exact even for finite lattice spacing, a > 0, without fine tuning for bare mass parameters. The situation for finite N s case, on the other hand, is much like that of Wilson fermion action. The continuum limit has to be taken, and at same time, the bare mass parameter must be tuned finely for chiral symmetric effective potential for N s < ∞.
A. The effective potential in "N s = ∞" case
In this subsection we calculate the expression of the effective potential for N s = ∞ case.
For large N s , one easily sees that the dominant contributions for function I(σ, Π) in the effective potential (27) are the functions "F " and "H", which behave as λ Ns in N s → ∞ limit, from Eqs. (20) and (21). The chiral breaking term "Gaσ" in (27) can be ignore in the limit N s → ∞ and (27) could be written as
So the effective potential (26) is a function of σ 2 + Π 2 , which is invariant under the O(2)
We emphasize that this is chiral symmetry even before taking the continuum limit, a → 0.
The continuum limit of the effective potential can be evaluated by separating divergent parts and finite parts from (28). Rewriting (28) into a integration form
one can pick up the the divergent part in a → 0, near zero fermion momentum, p µ a = (0, 0),
in a → 0 limit, the function K(ρ) becomes
with ξ µ = p µ a. The factor f M appears as the normalization factor of the propagator:
The wavefunction of the massless eigenmode has finite width in the s direction, and f M is the ratio of q(n) to the the zero mode.
In N s = ∞ case, when 0 < M < 2, only the momentum around p µ a = (0, 0) dominates in (28) and the contributions of doublers, p µ a = (π, 0), (0, π) and (π, π), are removed completely. This means that the doublers decouple from the physical spectrum. For 2 < M < 4 the momenta p µ a = (π, 0) and (0, π) become physical poles in the momentum integral, while the remaining mode at p µ a = (π, π) is dominant for 4 < M < 6. In these two regions of M,
M < 0 and M > 6, the no physical pole emerges.
By evaluation of the first term in the right hand side in Eq. (31), we find
where the new constantĈ 0 is defined byĈ
By substituting this expression into Eq. (29), we obtain
Therefore the continuum limit of the effective potential for N s = ∞ case is
We find that the two coupling constants can be same as each other
result, which is in contrast to the GN model with WF. As mentioned above, since the effective potential has chiral symmetry for finite lattice spacing, the fine tuning is unnecessary for chiral symmetric continuum limit.
After redefining for σ and Π such as σ R = f M σ and Π R = f M Π, we renormalize the coupling constant g and m f as follows:
where Λ is the scale parameter and m is the renormalized mass parameter. One realizes that the current quark mass term, m f , receives the multiplicative renormalization (38), similar to the perturbation theory in infinitely large N s . With this choice of scaling relations the continuum limit of the effective potential for N s = ∞ is finally given as
which is identical with the continuum theory (2).
B. Chiral restoration in the continuum limit (N s finite case)
As we have seen in previous subsection, the limit N s → ∞ guarantees chiral symmetry on a lattice. Nevertheless, to understand the behavior of finite N s theory is important for lattice QCD simulations using DWF.
Let us start the finite N s analysis with the effective potential (26). The chiral breaking term, Gaσ, in (27) has the important role for finite N s and the GN model does not have chiral symmetry any more. Chiral symmetry can be restored in the continuum limit with fine tuning. In this sense, finite N s model is similar to WF. In order to restore the chiral symmetry without fine tuning, one should take the limit N s → ∞ before taking the continuum limit to obtain chiral symmetry on lattice.
The continuum limit for finite N s can be taken following the same procedures in the previous subsection. The difference from the calculation in N s → ∞ is a necessity to shift the auxiliary field:
The effective potential becomes as follows:
Expanding I(σ, Π) into a power series of lattice spacing:
One can see that
I 0 is calculated in the same way as in N s = ∞ case:
Here we take the divergent part in a → 0. The shifted function H ′ has similar behavior to the limit N s → ∞:
with
Therefore the logarithmic divergent term has similar form as continuum theory:
and
The coefficientĈ 0 as a function of M for various N s is plotted in Fig.1 .
Remaining I n in the continuum limit is easily calculated. I 1 (I 2 ) is a linear divergent (constant) term in a → 0 limit, while I n (n ≥ 3) vanishes:
(54) Fig.2 shows these coefficients as a function of N s for various M.
From above calculations, the effective potential in finite N s case in the continuum limit is obtained as follows:
If the coupling constants and the mass parameter are renormalized as
we obtain the correct effective potential of the continuum theory (2).
We emphasize that the current quark mass term, m f , receives the O(1/a) additive renormalization for N s = finite case. As we describe previously, fine tuning for bare mass parameter in (59) is needed for finite N s , and chiral symmetry is restored in the continuum limit.
The restoration of chiral symmetry in N s → ∞ could also be seen in the scaling relation (57-59). The coefficients C 1 and C 2 represent the magnitudes of the explicit breaking of chiral symmetry. C 1 is the additive mass counter term, while C 2 is the miss match between the quadratic terms of scalar and pseudo scalar particle by the quantum correction. If we restrict DW-mass to 0 < M < 2, as shown in Fig.2 , the coefficients C 1 and C 2 are decreased rapidly as N s becomes large. The effects of shifting of the fields and the additive renormalization of the mass parameter in (56) and (59) rapidly vanishes with increasing N s , thus the necessity of fine tuning becomes absent in N s → ∞ limit.
On the other hand, even when M is set out of the region (0, 2), the scaling relations (57-59) lead the chiral symmetric continuum limit. In this case C 1 and C 2 don't vanish in large N s limit and the fine tuning is necessary, similar to WF.
IV. THE PARITY BROKEN PHASE AND THE RESTORATION OF CHIRAL SYMMETRY
For lattice QCD with WF, the existence of massless pion for finite lattice spacing is explained by the parity broken phase picture proposed by Aoki [11] . Although chiral symmetry is explicitly broken in WF, one can tune the mass parameter to obtain an exact massless pion in the spectrum even for finite lattice spacing. This cannot be understood by the ordinary picture of Nambu-Goldstone boson in the continuum theory, in which chiral symmetry is the exact symmetry of the action and is broken spontaneously.
Aoki examined the GN model and lattice QCD with WF for a finite lattice spacing, and found that the parity symmetric phase and parity(-flavor) spontaneously broken phase coexist in the parameter space of the model. The parity broken phase is characterized by the non-zero condensation of the pseudo scalar density, Π = ψiγ 5 ψ = 0. Provided a secondorder phase transition separating the two phases from each other, pion becomes massless at the phase transition point, which is regarded as a massless particle accompanying with the continuous phase transition.
Before starting analysis of phase diagram of DWF model for general N s , we note the equivalence between N s = 1 DWF model and Wilson fermion formalism. The effective potential of WF,
can be seen easily by substituting
The phase boundary of Aoki phase forms the three cusps which reach the weak-coupling limit g 2 = 0 at M = 1, 3, 5
in WF [11] [12] [13] and N s = 1 DWF model. Three cusps arise from the fact that the doublers at the conventional continuum limit, (g 2 , M) = (0, 1), become physical massless modes at at M = 3, 5.
On the other hand, in N s = ∞ limit, the parity broken phase does not exist because of the restoration of chiral symmetry, whose explicit breaking causes the parity broken phase. 
with ξ µ = p µ a. In the case of g By differentiating (62) with respect to Π, one can easily check from that pion mass 
where A µ and B µ are functions of l, σ, M and N s . From these expressions it is easy to see that the r.h.s of the gap equations (61) (62) have a logarithmic divergence at σ = (1 − M + 2l)
Ns with l = 0, 1, 2. This fact leads that for each l the phase boundary intercepts with g 2 = 0 at a point m f = (1 − M + 2l) Ns . Each of three critical points corresponds to the massless particle pole of momentum
The positions of three points move as a function of M, which is shown in Fig.3 . For M in the region of (2l, 2(l + 1)), the chiral point for momentum mode p µ (l) in (68) Another interesting observation from the phase diagram is finite g 2 effect for the pion mass. The effective quark mass from the free propagator analysis (mean field analysis) is 
At the same time, the phase boundary exponentially approaches to m f = 0 plane with increasing N s . For any g 2 , the phase boundary converge at m f = 0 plane, which can be easily seen from (61) and (62). The width of the parity broken phase scales proportional to a 3 [21] , and shrinks exponentially for N s → ∞ . these facts are compatible with the exact chiral symmetry for finite lattice spacing in N s → ∞ limit, as discussed in previous section.
On the other hand, at M = −0.1 the chiral continuum limit and the phase boundary go away from m f = 0 line with increasing N s . This behavior shows the violation of chiral symmetry at m f = 0 even in N s → ∞ limit for M < 0.
V. (M, N S ) DEPENDENCIES OF LATTICE OBSERVABLES
Let us turns to discuss about the physical observables in this model. We choose σ, qq
and M π as physical observables.
In Fig.13 we plot M From this figures we conclude that chiral symmetry is restored for large N s if M is set in the region 0 < M < 2. There is another region 2 < M < 4, where pion would be massless particle in N s → ∞ limit. This region corresponds to the region of massless "pion", which is made of the chiral modes at p µ a = (π, 0), (0, π).
VI. CONTINUUM LIMIT AND DISAPPEARANCE OF O(a) SCALING
VIOLATIONS
Toward the continuum limit a → 0, the lattice bare parameters are tuned according to the scaling relation (57-59) for finite N s . We plot σ and M The lattice bare observables systematically depend on M as shown in previous section.
From (58) the lattice spacing (or the scale parameter of the theory) is also a function of M,
See Fig.1 for (M, N s ) dependence ofĈ 0 . The M dependencies of observables cancel with that of the lattice spacing, and the correct continuum value are reproduced at a → 0 limit.
(See Fig.16 .)
The interesting observation is the disappearance of O(a) scaling violation for large N s limit. From theoretical point of view, the exact chiral symmetry in N s → ∞ limit is expected to prohibits the dimension (D + 1) operators in the quantum correction, which cause O(a) scaling violation. The slope at aΛ = 0 curve in Fig. 16 is finite at N s = 2 while the curve at N s = 20 is flat near aΛ = 0. This shows that O(a) scaling violation vanishes in large N s limit and the scaling violation proportional to a 2 exists. Fig.17 shows that the remaining O(a 2 ) error is small for M ∼ 1 in large N s , which is less than a few percentage for aΛ < 0.5 in this model. The reason why this O(a 2 ) scaling violation is small near M = 1 could be understood by expanding the inverse integrand of the function "I 0 (σ, Π)" for small a:
Since 1/f M is minimum at M = 1 so the O(a 2 ) deviation from the continuum formula is also minimum for M = 1. This feature might be similar for QCD simulation, except M receives the additive renormalization from the quantum fluctuation of the gauge field.
The renormalization formula employed above for finite N s is similar to that of WF. The bare mass needs to be fine tuned toward a certain critical value. One the other hand, we consider to apply the scaling relation for N s → ∞ (without fine tuning),
to finite N s lattice observables. This is similar to what is done in the DWQCD simulation in a sense. The result of this calculation for finite N s is shown in Fig.18 . For each N s , M 2 π is apt to go to the correct continuum value for large aΛ but tends to diverge for smaller lattice spacing. Such divergent behavior is never seen in current DWQCD simulations [9, 10] since aΛ QCD is larger than 0.1.
From (59) the renormalized mass is expressed as a function of the bare quark mass m f :
For each g 2 (and aΛ), if N s fulfills a condition; for almost all the region of m f in Fig.19 .
VII. CONCLUSIONS AND DISCUSSIONS
We have investigated the two dimensional lattice GN model with DWF in large flavor(N) The observables depend on the value of M even for N s → ∞. This dependence cancels by the renormalization and the correct continuum theory is obtained. The disappearance of O(a) scaling violation for large N s in the continuum limit suggests the probability of obtaining the reliable physical predictions for smaller lattice spacing than that in WF.
Since the GN model in large N limit neglects the quantum fluctuations, and omits the gauge fields, we cannot insist that the behavior of lattice QCD with DWF is exactly same as the results in this paper. For example, the DW-mass, M, is shifted into M = M + Const.
due to the back reaction of the gauge fields. However there was many similarities between GN model and QCD for Wilson action [11] [12] [13] , we expect that the results shown in this paper will provide instructive and systematic informations about nonperturbative effects of lattice QCD with DWF. 
